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A One-Dimensional Fourier Analogue Computer

Leonid V. Azaroff and M.J. Buerger

Crystallographic Laboratory, Massachusetts Institute of Technology

Abstract

A computer has been constructed to sum Fourier

series having up to 30 terms. Although this is a one-

dimensional computer it can be used for double and triple

summations by using standard trigonometric expansions.

Secondarily, it can be used for computing trial structure

factors.

O.D°F.A.C. sums ZFn sin 2Wnx electrically. The
.ncosn -

trigonometric function is produced by a variable-angle

transformer known as a resolver. Each amplitude is set

by a variac which regulates the input to a particular re-

solver. The frequencies 21Mnx for 31°values of n are

arranged by gearing the rotors of the resolvers in ratios

0, 1, 2, . . . 30. The resultant individual currents are

added in parallel and the value at point x (in intervals of

6.00 ... _, or -1 of a cell edge) is read on a voltmeter and
60 120 240
the phase is read on an oscilloscope.

The relative speed of a computation is five to ten

times faster than the standard strip methods. The average
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error in a computation compares favorably with the rounding-

off error in oonventional two-place strips.

Introduction

Earlier oom uters. Fourier series are important

in many branches of science, One-dimensional, two-dimen-

sional, and three-dimncnsona! Fourier series are especially

important in x-ray crystallography. Since the computation

of these functions is tedious, a number of devices have

been developed to perform the computation, only a few of

which have come into common use. Among these are the

electrical digital devices of Beevers 1 ' 2 , the electrical

analogue machines of Hlgg and Laurent 3, Ramsay, et al4

the mechanical analogue devices of McLachlan and Champaygne ,

Rose 6 , Vand 7 and Beevers and Robertson8 All these devices

sum one-dimensional series. Robertson9 , PepinskylOII"

and McLachlan et a11 2 have devised electrical analogue

machines for two-dimensional Fourier summations.

Basis for design*. When the number of Fourier

syntheses to be computed in the Crystallographic Laboratory

of M.I.T. beOame large enough to warrant using a special

computing device, several of these machines were closely

investigated. Some were found to have obvious defects,

such as contact trouble when multiple telephone switches

were used. Most of them were found to handle too limited



a number of Fourier terms, Guided by this survey, a

decision was reacha-. to build a one-dimensional electri-

oal analog1i, %omrputer v,:hich would sum a comparatively

large number of Fourier terms. This was specifically set

at 30, since this is about as high as ever required in

the analysis of ordinary non-protein crystal structures.

McLachlan's computer 1 2 served as a guide and as a point of

departure. His machinre •:o po1-,r'Js phase3 electrically by

using selsyns. it ;D'rforns a two.dmeinsional synts2is

but is limited to 8 x 8 terms,,

The transformation of an angle, Io, ito a

trigonometric function can be performed electrically in

many different ways, The two devioces considered in the

early stages of designing ODFAC were sine potentiometers

and resolvers, A si.ne potentiometcr consists of a con-

tinuous resi3tor winding tapped to produce a voltage which

varies as the sine o•f the angle of ro:tation of the main

shaft. A rosolver is a transformer using as its primary

the rotor mezmhbr and as its secondary two saparate stator

windings placed 90 degrees apart. When a voltage is

applied to the primary winding the voltages of the two

secondary wi.ndings vary respectively as the sine and co-

sine of th,• angle of rotation, Resolvers were chosen for

the construction of ODFAC because the isolating property

of a transformor makes the adding circuit independent of

variations in the input stages.
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Principle of operation. Fig. 1 shows, in outline

form, the operation ol" 0DFAC. The input to each resolver,

R, is fed from a variac, V. The variac thus controls the

amplitude or Fourier coefficient, A, of the Fourier compon-

ent of a particular resolver. The two outlet leads of the

resolver then deliver voltages proportional to A cos 0 and

A sin •. The shafts of 30 such resolvers are geared so

that the shaft displacement of a particular resolver, n,

is an integral multiple, n, of the shaft displacement of a

fundamental shaft# The outputs of the individual resolvers

are therefore a set of voltages proportional to

A0

A1 cos A1 sin

A2 cos V2 A2 sin V2

A3000s V30 A3 0 sin 1930

If the outputs are appropriately coupled, the machine pro-

duces voltages proportional to

30
SAn cosin and An sinen

n-0 n-0

which can be read on a voltmeter, VM. In crystallographic

problems 9n - 20Tnx where n is the number of the harmonic

and x is the sampling interval expressed as a fraction of

one complete period*
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DeCign and construction

M'chanoai fpatures. The produation of thirty

harmonics in the Fourier series requires that one complete

rotation of the rotor in the first resolver corresponds

to two complete rotations of the rotor in the second re-

solver, etc., up to thirty complete rotations of the rotor

in the thirtieth resoJ.,ez. This is accomplished in ODFAC

by means of a gear train represented by Fig. 2,

The main shaft leading from the motor is geared

by worms and worm gears to three horizontal shafts whose

relative angles of rotation are given by the ratios of the

worms and gears. Each horizontal shaft carries a series

of spur gears which ergage with the spur gears mounted on

the rotors of the individual resolvera. The angle of ro-

tation of each rotor shaft is, therefore, a function of

the ratio of its spur gears modified by the angular rota-

tion of the horizontal shafts. The actual gear train is

shown in Fig. 3. This particular gear train has several

advantages. One is that most gears used are commercially

available, stock sizes. Only 10 of the 82 gears are non-

standard size and had to be obtained by special order.

Another advantage is that high gear ratios are avoided,

the largest step-down ratio being 5:4. This decreases

inacouracies in the positionine of the resolver shafts.

Because of low frictional losses, all 30 resolvers can be

driven at the desired speed by a small, hihp. motor.
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Electrical cirouit. The wiring diagram of the

electrical components of 0DFI'A: i: shown in Fig, 4. The

input voltage is fed from the -7ariacs, V, through a DPDT

phase-selector switch, S, to the rotors of the resolvers,

R, which are linked by the gear train illustrated in Fig.

3. Each output line of the stator win.iHng of the resolvers

contains a series resistance, r. of 5c0,000 ohms whose

purpose is to make avn., stray loaes. -,.": the secondary air-

ouit negligible . Al the cosine (and sine) windings of

even harmonics are connected in parallel. Similarly

the cosine (and sin3) windings of the odd harmonics are

connected in parallel. These lines lead to a gang switch

which permits various combinations of the lines to be made.

The use of a parallel, rather than a series adding

circuit is preferred for the following reasons: In a series

circuit all the stator windings would be directly connected

causing a cumulation of errors due to mutual inductance

between the individual primary and reocndary windings and

the secondary windinns of adjaccnt rosolvors. The addition

of voltages in a seo.!1s circuit would also have the dis-

advantage o~f bi.lding up very high voltages and currents

with possible amasge to the windinas. All of these dis-

advantages are overcome by a parallel circuit in which

the isolation of the individual resolvers limits the current

in each secondary winding to that induced by the primary.

This isolation permits the insertion of a large resistanoe

to minimize losses in the line. The maximum output voltage

LEGI
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obtained from such a circuit can never exceed the input

line voltage because the individual voltages are averaged

over all 31 branches.

The output voltage lines pass through a 4-gang

$witch which selects combinations of odd and even harmonics

of the sine or cosine lines for trajnmisssion to the volt-

meter and oscilio3cope, The sopararton of th3 odd and even

harmonics into separate lines per1, thie utilization of the

symmetry inherent in sine and casin functions. This is

standard practice in crystallographic applicationsl3., The

meter has a 5O/4a movement and three ranges which corre-

spond to the voltages expected from the number of variaes

supplying input voltages. A fourth range, actuated by a

push-button, permits a clear reading of low voltages.

The cathode-ray tube is part of a standard

oscilloscope circuit not having a sweep generator. The

output voltage is placed across two def.lecting plates and

a. reference voltage across the other, two. Since both sets

of plates have the ¶ame frequoncy appliod to them, the

resulting LissaJous figure on the tuba face is a straight

line whose angular inclination depende on the magnitude and

relative pha~n of the output volt.aeeo

vonztruotional details. Tha rear view of the

assembled machine Is shcwn in FiZ. 5q The resolvers are

held in place by aluminum clamps (see also Fig. 3) which,

in turn, are fastened to two aluminum angles forming a



track-like shelf. Zach shelf holds five resolvers and

supports its horizon•tal dlrive shafti rmounted in ball-

bearing supports. The clamps have built-in means for

adjusting the angular position of tho resclvers, The

horizontal drive shafts are driven by the main drive

shaft which runs vertically, in the center of Fig. 5,

from the motor (hidden by the bottom shIlf) to the con-

trol mechanis3m

The control meohanisyn is conrnonted directly to

the drive shaft by a set of change gears. It consists of

a shaft which carries a change gear and a cami The cam

actuates a micro-switch which controls the number Of

revolutions made by the motor for the sampling interval,

The motor is a dynamic-bradng motor which can be stopped

instantaneously by applying a reverse field to its rotor.

A horizontal shaft, permanently geared to the main drive

shaft, rotates a dial on the front panel indicating the

angular position of the main shaft. The change gears in

the control mechanism permit the selection of intervals

of -1 1 or of one complete period.
6' 120' 240

The motor-gonprator set at the bottom of Fig. 5

provides the input voltaee (120 v., 400-) to the variacs

only. "he driving mechanism ani service components operate

on the regular ilne voltage. The purpose of the motor-

generator set is to provide a constant current source

with an undistorted wave shape, making the adding circuits

in ODFAC independent of line fluctuations.
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Performance

Operation. A front view o.01 CtrAC in operation

is shown in Fig. 6. The variaos are numbered and arranged

on removable panels in sets of five. The amplitudes are

set by means of a friction-drive dial permitting an

accurate, rapid settinG from 0-100, The phares are set

by means of a plus-minus toggle ,it..i p1.•oed directly

above each dial. Each banc of 1ive reosolvers can be

switched in or out of the input circuit by means of an

additional toggle switch on the left of each panel. The

numbering and location of the dials is such that the

operator sits facing the first sixteen dials, the next

fifteen dials being within arm's-length to his right.

The dials need be set only once for each one-dimensional

sa t ion.

A panel to the left of the operator contains

the meter on which the value of the Fourier series is read,

the CRO tube on which the positive and negative quadrants

are marked, the sine-cosine $elect.or switch, end a push-

button that advances the computer moohanism to the next

sample settinm. A pilot light indicates that the motor

has edvaitoed the compnut.3r to '-0:.e nfixt sample setting and

the meter may 1e roegd, Once the amplitudes (variac dials)

and the phases (plue-imia-s switchs8;) have been set, and

the type series (sine or cosine) has been selected, all

the operator does is read the meter, note the phase, and
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push the button to advance to the nexct reading. A drop-

leaf table is attaohed to the frort of OD7AC to provide a

convenient surfaoe for recording roz.dngs. .

The speed of a computation on ODFAC depends

primarily on the type of series deoired, i.e., one-

dimensional, two-dimensional, eot., and only secondarily

on the number of terms or frequency of interval of sampling

desired. The machine time for a complete cycle from 0 to

2(r has been selected to take 7 minutes. If the time for

setting the varinas and recording the values obtained is

added to this, the total computing time amounts to approx-

Imately 10-15 minutes, depending on the sampling interval

selected. The relative time of computing an average two-

dimensional series on ODFAC ranges from, to L of the time
1 10

coniwned using standard strip methods 1 401,. The more terms

there are in the series and the finer the interval of

sampling desired, the more efflicent ODFAC becomes when

compared with strip methods.

Aocuracy* The accuracy of the components used

in ODFAC is the highest attainable at a reasonable cost.

The resolvers are accurate to within 4 mechanical derees.

The variacs and resistors are accurate to within 1% of

maximin ratings. The meter is accurate to better than

1% of full scale deflection. The backlash in the gears

is almost non-existent and the angular accuracy of the

gear settings is within a fraction of one degree*

Table 1 shows an aetual comparison of the meter
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readings of ODFAC with those oomputod using three-plaoe

trigonometric tables. The ampo.tudes for this one-

dimensional series were supplied by Profossor M.7. Buerger

from a Harker line synthesis for realgar. In the same

table are listed corresponding values as computed with

14the aid of Patterson-Tunell strips and Beevers-Lipson

strips1 5 . If the deviations from the true values ar6

examined it is evident that the errors in the values

given by O0FAC are, on the average, as small: as, if not

smaller than, those due to the rounding-off errors

inherent in the strip methods,

Finally, by making all operations other than

recording the numerical values automatio, ODFAC eliminates

the ever-present source of error - the human error.

Coioi£0nSi The hife advantages of ODFAO

are its ability to handle up to 31 0oeffioients in a

Fourier series and to perform the summation rapidly with

an accuracy adequate for most purposes. The simplicity

of the design of the machine virtually eliminates almost

all possibilities of electrical or mechanical failure.

In the event such failure should occur, all components

are readily accessible and removable for repair.

The slowest part of the operation of ODVAC

lies in recording the results. It is proposed to add an

automatic recorder for this purpose.



EMtension to two dinioenons

Use of two udIt;. One, ODPACFA uLit performs a-- -- ft ers-iso

two-dimensional synt -ez!. , by .,-.s of n Doevers-Lipson

expansion. A combination of two such units performs

this summation more rap.idly. 1.6 these iunits gre equipped

with chart-type recorders, the most nomplicated two-

dimensional series having 30 x .30 7ot.rier coefficients

can be performed in an afternoon. The utilization of
two such units follows the plan indicated below.

The series to be summed has a general expression:

(1?) - 5Fhk ao 2?r(hx+ky)

M 08hk co 2W cos 2#rhx - h hk sin 2rkyJ sin 2Whx

The summations over k are first performed at the same

time by the two units working independently. The results

of these first summations are then used as coefficients

for the second summation over h. In the second operation

the two units are connented in parallel to only one recorder,

which ths records the results of the fine.l two-dimensional

summation,

Two-dimensional oomute. A more elaborate ox-

tension to two-dimensions can be built by combining two

resolvers for every term in the series. The construction

entails building • ODFAC units and one "master" ODFAO



having h resolvers (without vwriaoe) for each harmonic k.

Such a plan is illuwtrct. in Fig. 7 for 1c - - 4.

The ODFAI units, whose resolve:s have angular

ipeed ratios proportional to t;heir particular h, are

shown in solid lines. The rectangles in the dotted

lines represent the resolvers of the "master" unit.

All at these latter resolvers have the save aneular

settings proportional to k.

The coupling between all units is electrical

only. The resolvers of one ODFAC unit produce voltages

proportional to:

7hk coo 2#hjx

Fh2kl 008 2*h 2 x
Fk] coo 2 #h3x

which are fed to the resolvers, •, of the master unit.

The outputs of these resolvers are thus proportional to:

(7hlkCl c00 2h1hlx) oo 2Wkly

(Ph•, o008 2 2x) 0oo 2#kly etc.

Appropriate electrical coupling of the resolvers in the

master unit then produces a voltage proportional to

h coo 2n(hx + Iy)
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One-Dii.3nfic.nal Fouriar er 3n.thoi.s

OINAo Deviat ion , ,er iton n Doviat ion

30.0 31.4 +1.4 30 0 30 0

33.3 33.3 0 34 +0.7 35 +1.7

32.•4 31.8 -0.6 32 -0.• 30 -2.4

17.2 15.5 -1.7 16 -1.2 16 -1.2

-0.3 0 -043 0 -0.3 0 -0.3

-4.0 -3.6 -0.4 -4 0 -2 -2.0

0.9 0 -069 -1 -1.9 -1 -1.9

245 IJ. -1.0 3 +0.5 4 +1.5

6.5 5.6 -0.9 1 +03• 7 +0.5

24.1 23.6 -0,5 24 -0.1 24 -0.1

49.0 47.8 -1.2 50 +1.0 48 -1.0

70.5 70.0 -0.5 71 +0.5 72 +1.5

89*4 88.3 -1.1 89 -0.4 89 -0.4

110.9 111.0 +0.1 112 +1.1 113 +2.1

119.2 118.0 -1,2 120 +0.8 118 -1.2

98.0 98.5 +0.5 98 0 98 0

59.0 59.0 0 60 +1.0 60 +1.0

29.5 29.2 -0.3 28 -1.5 29 -0.5

17.6 16.0 -1.6 17 -0.6 17 -0.6

10.1 9.3 -0.8 9 -1.1 10 -0,1

3.0 1.0 -2.0 2 -1.0 4 +1.0

"-0.7 -1.5 +0.8 -2 +1o0 -2 +1*3

-2.3 -3.1 +O.8 -3 +0.7 M5 +2.7

-9.9 -11.8 +1.9 -11 +1.1 -10 +0.1



-16.9 -17.9 +1.0 .17 40.

-44 -2.6 -1.4 -4 0 .2 -2,0

31.7 32.5 +0,8 10 -1.7

66.6 66.7 +0.1. E- 66 -o.6

76.8 77.5 +.07 -0.3 7,6 -0.8

66.1 68.5 +2.,4 66 -0.1 67 +009

58.0 56.5 ..1.5 58 0 58 0



Vo _ _ V30 V

Fig. 1 ODFAC Outline

I 2 3 4 5 6 7 8 9 10

6 0 8 72 78 484 90 72 840 210 104 120

1:8 2:8 3:8 4:8 5:8 6:8 7:8 9:8 9:8 10:8

1I 12 13 14 15 16 17 18 19 20

96 9 96 96 9 72 96 9 96 96

11:16 12:16 13:16 14:16 15:16 16:16 17:16 18:16 19:16 20:16

21 22 23 24 25 26 27 28 29 30

21:24 22:24 23:24 24:24 25:24 26:24 T7:24 28:24 29:24 30:24

I•,orFig. 2 Gear Train



Fig. 3 Gear Train

Is IZOY VO

Reference

RRR Voltage

As

r r r r r r r r

Fig. 4 Wiring Diagram
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Control Mechanism

Resistor
Banks

1 . C .R.O.

Motor 

t

Reference

Motor-Generator Voltage

Fig. 5 ODFAC, Rear View

Fig. 6 ODFAC, Front View
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